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1 Hardware Modeling and Synthesis Problem

Synthesis Steps:

• Abstra
t des
ription with HDL

• Logi
 Synthesis (Stru
tural des
ription of the


ir
uit using logi
 gates and registers (Netlist)

• Physi
al Design

Hardware Des
ription Languages:

• VHDL

Very High Speed Integrated Cir
uit Hardware

Des
ription Language.

• VERILOG

Original Intentions of HDLs:

• Spe
i�
ation

• Simulation

• Do
umentation

Today Additionally:

• Synthesis

• Testing

• Formal veri�
ation

VHDL Chara
teristi
s:

• Behavioral des
ription: Des
ription by the

sequential �ows by pro
ess.

• Data �ow des
ription: Stru
tural des
ription

of datapath

• Stru
tural des
ription: Netlist of simple pre-

de�ned 
omponents

High Level Synthesis:

ParsetreeSyntax check
Parsing

Optimization
(like software compiler)

Behaviour
HDL

Sequencing
Graph

Scheduling
Binding

Scheduled
Graph

Determine
Interconnections

Design on
RT−Level

• Optimization problem is very 
omplex, many degrees of freedom exist

• Sophisti
ated heuristi
 te
hniques are available for s
heduling and binding

• High-level synthesis tools are available as 
ommer
ial produ
ts

• Not every 
onstraint 
an be dealt with systemati
ally in a simple way

• An experien
ed designer usually produ
es better results

Logi
 Synthesis:

Design on
RT level and Optimization

Translation in a stuctural description Optimized description consisting
of elementary logic functions

Technology
mapping

Optimized netlist consiting
of gates of a given library

Place and
route

• Given: non optimized netlist 
onsisting of simple logi
 fun
tions and registers

• Tools: library of gate modules supported by the manufa
turer

• Find: optimized netlist adapted to the library

2 Representation of Boolean Fun
tions

The kind of representation of a boolean fun
tion has a substantial impa
t on the 
ost of the resulting implementation

and the algorithmi
 
omplexity of the problems that have to be resolved.
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Laws of Boolean Algebra: Gate Symbols:

Idempoten
y: a · a = a a + a = a

Commutativity: a · b = b · a a + b = b + a

Asso
iativity: a · (b · c) = (a · b) · c a + (b + c) = (a + b+) + c

Distributivity: a · (b + c) = a · b + a · c a + (b · c) = (a + b) · (a + c)

Absorption: a + aḃ = a a · (a + b) = a

Law of 0: a + 0 = a a · 0 = 0
Law of 1: a + 1 = 1 a · 1 = a

deMorgans: a · b = a + b a + b = a · b

Boolean Expression:

• a variable is a BE.

• 0,1 are BEs.

• the negation of a BE is a BE

• the 
onjun
tion of two BEs is a BE

• the disjun
tion of two BEs is a BE

x = a · b + a · b

Compa
t and readable for human but algorithmi


treatment is di�
ult

Truth Table:

Complete list of all points in the boolean spa
e with

their 
orresponding images.

a b x

0 0 1

0 1 0

1 0 1

1 1 0

Size grows exponentially with the fanin, barely rele-

vant in pra
ti
e

Impli
ant table:

List of sub-spa
es (
ubes) in the boolean spa
e, so

that the 
ubes 
over all the ones of the fun
tion but

no zeros

a b x

- 0 1

Signi�
antly more 
ompa
t than truth table, good ba-

sis for optimization and implementation of two-level


ir
uits

Literal and Monom:

Representation of boolean fun
tion in terms of dis-

jun
tive and 
onjun
tive forms.

Literal: is a variable in 
omplemented or unimple-

mented form.

Monom: (produ
t term) 
onsist of (1, literal, 
onjun
-

tion of literals) e.g. a · b
SOP/DNF (Sum of produ
ts): ab + abc

︸︷︷︸

Minterm(1)

+bc

POS/CNF (Sum of produ
ts):

(a + b) · (a + b + c)
︸ ︷︷ ︸

Maxterm(0)

·(b + c)

CDNF and CCNF (Canoni
al) :

CDNF : Every boolean fun
tion 
an be expres-

sed as a disjun
tion of all its one-minterms

CCNF : Every boolean fun
tion 
an be expres-

sed as a 
onjun
tion of all its zero-maxterms

Shannon De
omposition:

Every boolean expression 
an be 
onverted into its

CDNF and CCNF respe
tively by repeatedly apply-

ing the Shannon De
omposition:

f = xi f |xi=1 + xi f |xi=0

f = (xi + f |xi=0) · (xi + f |xi=1)

OBDDs: (Ordered Binary De
ision Diagram)

0 1 0 1 1

a f=ab+c

b f=b+c

c f=cc f=c

INDEX 1

INDEX 3

INDEX 2

De�nition:

An OBDD is a dire
ted a
y
li
 graph with one root

node. An index(ν) is attributed to every non-terminal

node. This index refers to the set of input varia-

bles. Every non-terminal node has two dire
t su
-


essors low(ν), high(ν) A terminal node 
ontains a

value(ν) ∈ {0, 1}

• if ν is a 1-terminal node then fν = 1
• if ν is a 0-terminal node then fν = 0
• if ν is a non-terminal node then

fν = xi · f
low(ν) + xi · f

high(ν)



ROBDD: (Redu
ed OBDD)

10

INDEX 1

INDEX 3

INDEX 2

a

b

c

De�nition:

A OBDD 
an be redu
ed by merging isomorphi
 sub-

graphs. A OBBD is 
alled redu
ed if it 
ontains neit-

her

• a node ν with low(ν) = high(ν), nor

• a pair of nodes ν, µ ∈ V , so that the subgraphs

rooted in νandµ are isomorphi


Properties of ROBDDs:

An ROBDD is a 
anoni
al representation of a boolean fun
tion, i.e. if we examine two ROBDDs for the same

boolean fun
tion, then these ROBDDs are always isomorphi
 (for a given order of variables).The size of an

ROBDD for a given boolean fun
tion f varies strongly with the order of variables (optimization problem).

Important boolean operation 
an be easily performed with ROBDDs, e.g.:

Apply: given two ROBDDs for fun
tions f1 and f2, �nd the ROBDD for the fun
tion that is produ
ed if a

boolean fun
tion is applied to f1 and f2 (OR,XOR,AND...)
Compose: given two ROBDDs for fun
tions f1 and f2, �nd the ROBDD for fun
tion f1 when one of its

variables xi is repla
ed by f2

Set Covering Problem:

Given:

• A set M of m elements

• A set τ of subsets of M

τ = {Si ⊆ M, i = 1, 2, ...n}
• M is 
overed by τ M =

⋃

i

Si

Optimization Problem:

Find a subset T of τ that 
overs m and 
ontains a

minimal number of elements of τ

De
ision Problem:

Let K be a 
onstant with 0 < K ≤ |τ |. Is there a

subset T of τ that 
overs M and 
ontains at most K
elements of τ?

Solution:

• Greedy Heuristi


• ILP Formulation

Set τ , M = {a, b, c, d, e, f, g, h, i, j, k, l} :

a b c

d e f

g h i

j k l

S3 S4 S5

S1

S2

S6

Subset T : Optimal Cover

a b c

d e f

g h i

j k l

S3 S4 S5

Integer Linear Programming:

~x ∈ {0, 1}n

~x · ~c t (Cost fun
tion)

~x · ~A ≥ ~b (Constraint)

Appli
ation to set 
overing Problem:

• ~x is an n-dimensional ve
tor indi
ating if a sub-

set Si is 
ontained in a set T
• c is an n-dimensional ve
tor assigning the 
osts

ci to the subsets Si

• ~A is a matrix of dimension n×m whi
h spe
i�es

how the subsets Si are 
omposed of elements mi

of M
• ~b is an m-dimensional 1-ve
tor then every

element is 
ontained in at least one subset and

thus ~x is a 
over.



Appli
ation of ROBDD to set 
overing problem:

a(~x) =

m∏

j=1

(a1j · x1 + ... + anjxn) = 1

Constru
t an ROBDD. Every path from root node to terminal node 1 
orresponds to a 
over. Sear
h for the

shortest path to the terminal node to get the optimum 
over.

Example:

Problem: ILP Formulation: ROBDD Approa
h:

1 2

3 4

S1

S2S4

S3

Exa
t Solution:

1 2

3 4

S1

S2

c = (1, 1, 1, 1)

(x1, x2, x3, x4)·







0 0 0 1
1 1 1 0
0 0 1 0
1 1 0 0







︸ ︷︷ ︸

~A

≥







1
1
1
1







︸ ︷︷ ︸

~b

Solution with IP_Solve:

~x = (1, 1, 0, 0)

a(~x) = (x1)·(x2+x4)·(x2+x3)
!
= 1
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X1

X2
X3

X4

3 Two-Level Logi
 Synthesis

Two Level Cir
uit:

Example:

y = abc + abc + abc + abc + abc

Cost Fun
tion:

Optimization problem: 
hoose the SOP representati-

on with minimal implementation 
osts

De�nition cost2−level:

cost2−level(f) > cost2−level(g) if:

• the number of produ
t terms of f is greater than

the number of produ
t terms of g,

• f and g have the same number of produ
t

terms, but the number of literals in f is greater

than the number if literals in g

Impli
ant: (Cube)

A produ
t term p is 
alled impli
ant for a fun
tion

f , if p = 1 ⇒ f = 1 holds.

Prime Impli
ant: (Prime Cube)

A impli
ant is 
alled prime impli
ant, if no literal 
an

be removed from the produ
t term without loosing

its quality of being an impli
ant

Essential Prime Impli
ant: (E. P. Cube)

A prime impli
ant is 
alled essential prime impli
ant

if its part of every potential 
over of f .

Basi
 Pro
edure of two level minimization:

(Method of Quine and M
Cluskey)

Given:

a boolean 
anoni
al POS fun
tion, take all impli
ants

Step 1:

determine all prime impli
ants (it.
ons., shannon)

Step 3:


hoose a set of prime impli
ants so that f is 
overed

and cost2−level is minimized.

Theorem: (Quine)

A minimal SOP (a

ording to the 
ost fun
tion cost2−level 
onsists ex
lusively of prime impli
ants.



Cube Representation:

(āb̄c) + (ābc) + (ab̄c) + (abc̄) + (abc)

→ ab + c

Instead of impli
ant, prime impli
ant or essential pri-

me impli
ant, the terms 
ube, prime 
ube o essential

prime 
ube are used as well.

1. Cal
ulation of all Prime Impli
ants Using

Iterative Consesnus

xy + x̄z = xy + x̄z + yz
︸︷︷︸

C.T.

Pro
edure:

1: 
al
ulate the 
onsensus terms for all pairs of

produ
t terms not examined so far and add

them to the SOP

2: remove every term that is 
overed by another

term.

Repeat 1. and 2. until no new 
onsensus terms are

generated. The the produ
t terms o� the SOP are

all the prime impli
ats of f . The SOP of all prime

impli
ants of f is 
alled 
omplete sum.

2. Cal
ulation of all Prime Impli
ants Using

Iterative Shannon De
omposition

Theorem: Produ
t of Complete Sums

Given are two 
omplete sums f1 and f2. The 
omplete

sum for f = f1 ·f2 
an be determined by the following

steps:

1: Form the expression f1 ·f2 and transform it into

SOP form using the distributive law, idempo-

ten
y and 
omplement rule

2: Remove all produ
t terms whi
h are 
overed by

other produ
t terms

ABS(f): Simpli�es as given by the theorem

CS(f): Generate 
omplete sum

CS(f) = ABS((xi+CS(f |xi=0)) ·(x̄i +CS(f |xi=1)))

Solution of the Covering Problem in two-level

minimization

Problem statement:

Given is a fun
tion f and a set τ of all prime

impli
ants of f . Determine a subset T of τ so that

the prime impli
ants in T 
over the fun
tion f and

the 
osts costs2−level are minimal.

After redu
ing the 
overing matrix by utilizing

row and 
olumn dominan
e, the 
overing problem is

solved by bran
h and bound or by BDDS.

Example Iterative Consensus:

ab + bc + bcd + ac + cd

ab + bc + bcd
ac

cd

ab + bc + ac + cd

Complete Sum

Example Shannon for Prime Impli
ants

b̄c + bcd

Obviously with interative Consensus: b̄c + bd

CS = ABS((b + c) · (b̄ + cd)) = ABS(cb̄ + bcd////+ cd)

= cb̄ + cd

Positional Cube Notation:

Positional Cube Notation is a data stru
ture for

the representation of two-level 
ir
uits. It permits

e�
ient implementations of boolean transformations

De
ode Produ
t term as follows:

c = (x1, ..., xn
︸ ︷︷ ︸

InputCube

| y1, ..., ym
︸ ︷︷ ︸

OutputCube

)

xi Value

a 01

ā 10

D.C. 11

yj = 1 if the input 
ube

is an impli
ant for fj(x)
and is 
ontained in the

sele
ted 
over of fi(x)
yi = 0 if the input 
u-

be is not an impli
ant for

fj(x) or it is an impli-


ant but not in the sele
-

ted 
over of fi(x)

Two Level Logi
 Syn Heuristi
 minimization

of two level 
ir
uits:

Problem of the exa
t minimization of two-level 
ir-


uits is the 
omplexity of big 
ir
uits. A fun
tion

with n variables 
an have up to 3n

n
prime impli
ants.

The 
overing problem that has to be solved is NP-


omplete. For big 
ir
uits a heuristi
 approa
h is un-

avoidable.

Example for Positional Cube Notation:

y1 = ab + b̄cd+ ac̄ and y2 = bc + abd̄+ac̄









1 1 − − | 1 0
− 0 1 1 | 1 0
1 − 0 − | 1 1
− 1 0 − | 0 1
1 1 − 0 | 0 1











3.1 ESPRESSO

ESPRESSO is a famous heuristi
 algorithm for minimization of two level 
ir
uits. As input ESPRESSO re
eives

a initial set of all impli
ants. This set is the �rst solution (probably a really bad solution) whi
h will be improved

stepwise.

REDUCE EXPAND IRREDUNDANTIRREDUNDANTEXPAND

cost < previous cost

SPARSE

REDUCE and EXPAND redu
e and expand the input and output 
ubes. SPARSE redu
es the output 
ube again

after the last EXPAND and exe
utes additional expansions of input 
ubes that may have be
ome feasible after

of the �nal redu
tion.

EXPANSION of an Input Cube:

Repla
e one or more ones or zeros with '-' (remove

one or more literals from a produ
t term)

001

010

011

100

101

110

111

000

1

1 1 1

z

x

y

xyz
000 
01−
−11

1

1 1 1

z

x

y

001

011

100

101

110

111

000

010

Redundant

xyz

01−
−11

0−0 

EXPAND

EXPANSION of an Output Cube:

Repla
e one or more zeros in Output Cube with 1

(add one or more produ
t terms (impli
ants) to the


over)

xyz

z

x

y

xyz
1

z

x

y

1

1 1

1 1 1 1

11

EXPAND

IRREDUNDANT:

Remove a 
ube from the 
over of all fun
tions (remove

a row in the 
ube table)

xyz

01−
−11

0−0 

001

011

100

101

110

111

000

010

Redundant

1

1 1 1

z

x

y

xyz
0−0 

001

011

100

101

110

111

000

010

1

1 1 1

z

x

y−11

IRREDUNDANT

REDUCTION of an Input Cube:

Repla
e '-' in one or more positions of the input 
ube

with 1 or 0 (add one or more literals to a produ
t

term)

z

x

y

z

x

y

REDUCE

1 1

1 1 1

1 1 1 1

111

REDUCTION of an Output Cube:

Repla
e one or more ones on output 
ube with zeros

(remove impli
ants from the 
over)

Problems to Consider:

• Whi
h expansions and redu
tions are valid, i.e.

lead to a valid 
over of the on-set? How do I


he
k 
overing relations?

• Whi
h dire
tion shall be sele
ted for expansion

and redu
tion?

Condition for the Validity of EXP/RED:

Let F be the 
over and D a don't-
are set and

ci a 
ube to be expanded or redu
ed. Let c′i be a


ube whi
h 
overs these minterms that are either not


overed anymore or newly 
overed.

c′i ⊆ (F\{ci}) ∪ D

Implementation with positional 
ube notation and

de
omposition into 
ofa
tors.



Rules for Validity Proof with Positional Cube Notation:

c′i ⊆ f ⇐⇒ f |c′
i
= 1

Let F be a 
over and c be a 
ube in positional 
ube notation. The 
ofa
tor F |c is 
al
ulated as follows:

1. Remove all rows of F , whose input 
ubes 
on�i
t with the input 
ube of c. There is a 
on�i
t for an input


ube, if there exists a 
olumn for whi
h the input 
ube of F is 1 and c is 0, or vi
e versa.

2. Remove all rows of F for whi
h a 
olumn in the output 
ube where c and F are 1 doesn't exist.

3. Remove all 
olumns of F in the output 
ube where 
 has a 0 and all 
olumns in the input 
ube where 
 is

not '-'.

d

c

b

a

1 1

11

1

d

c

b

a

1 1

11

1

ci

Example in Algebrai
 Notation:

f = abd̄ + abc̄ + āc̄d

ci = abd̄ c′i = abc̄d̄

F\{ci} = abc̄ + āc̄d

c′i ⊆ F\{ci} ⇐⇒ abc̄ + āc̄d|abc̄d̄=c′
i

= bc̄|bc̄d̄ = c̄|c̄d̄

= 1|d̄ = 1

Example in Positional Cube Notation:

F =





1 1 − 0 |1
1 1 0 − |1
0 − 0 1 |1




ci = (11 − 0|1)

c′i = (1100|1)

F\{ci} =

(
1 1 0 − |1
0 − 0 1 |1

)

F\{ci}|ci
is now 
al
ulated with the rules:

1 → (110 − |1)
2 → (110 − |1)
3 → (|1)

De�nition Unate:

The 
ube set F is 
alled positive / negative unate in

a variable xi if all 
ubes have an entry 1/0 or '-' in

position i. A Cube set F is 
alled unate if it is unate

for all i

positive unate in x0
negative unate in x1

1
1

10
0 0−

− −
−

1 0 0 0 0
1 1 1 1 0

not unate unate

Unate Re
ursive Paradigm:


hoose a de
omposition of a boolean fun
iton into 
o-

fa
tors (shannon) so that unate 
ofa
tors are obtained

in a few steps as possible. By exploiting properties of

unate fun
tions the problems to be solved are sub-

stantially simpli�ed

• Every prime 
ube of a unate 
over is an essential

prime 
ube

Theorem (tautology of a unate 
over)

A unate 
over F is a tautology for an output fun
tion

if and only if F 
ontains an input 
ube whi
h only


onsists of don't-
ares. Tautology 
he
king is playing

a major role in the operations Irredundant and Re-

du
e.

1 0 0− −

1 10 − −
− − − − −

unate and tatology

Tautology Che
king

Perform Shannon-de
ompositions until the resulting


ofa
tors are unate. In ea
h step, 
hoose a splitting

variable with respe
t to whi
h the fun
tion is not

unate, and whi
h has many o

urren
es (a few

don't-
ares). When a unate 
ofa
tor is obtained the

above theorem 
an be applied.

Tautology 
he
king is playing a major role in

the operations IRREDUNDANT and REDUCE.

Use Complement Cover for Expansions:

With the 
over F̄ valid expansions 
an be derived

without the need of tautology 
he
king. A Blo
king

matrix B is a matrix that indi
ates for a 
ube p of

the 
over F to be expanded if an expansion in the

variable xi 
on�i
ts with a 
ube qi of the 
over F̄ .

Maximum Expansion of the Cube p:
Find a minimal subset of 
olumns in b so that for

every row a 
olunm exists whi
h has a 1 in this row.

The 
olumns not 
ontained in this subset, belong to

variables whi
h 
an be used for expanding the 
ube p.

Complement Generation:

f̄ = x · f |x=1 + x̄ · f |x=0

Perform Shannon-de
omposition in a way that one of

these spe
ial 
ases are rea
hed as soon as possible:

• F 
ontains a 
olumn for variable x with 1 in

every row: f̄ = f |x=1 + x̄

• F 
ontains a 
olumn for variable x with 0 in

every row: f̄ = f |x=0 + x

• F is positive unate in x: f̄ = f |x=1 + x̄ · f |x=0

• F is negative unate in x: f̄ = x · f |x=1 + f |x=0



Example for Blo
king Matrix:

d

c

b

a

1 1 1 1

1 1

110
0 0

0000

0

Q1

Q2

p

Initial Point

F̄ =

(
Q1| − 0 − 1
Q2| 0 1 − −

)

p = (1 1 1 0)
Con�i
ts from p with F̄ lead to B:

B =

(
Q1| 0 1 0 1
Q2| 1 0 0 0

)

There is a Con�i
t when omit a or (b and d)
p1 = (1 1 − −) ∨ p2 = (1 − − 0)
So omit c and d or omit a and c

d

c

b

a

1 1 1 1

1 1
0
0 0

0000

01 1

Q1

Q2

p

Potential 
overs for that

initial point

4 Multilevel Logi
 Synthesis

Representation of a Boolean Network: Fun
tional De
omposition:

Fun
tional de
omposition is parti
ularly used in the

realization with FPGAs to de
ompose the 
ir
uit

a

ording to the size of the CLBs. The a
tual opti-

mization of the 
ir
uit is mostly done by using other

methods (e.g. boolean/algebrai
 methods based on

division).

Boolean and Algebrai
 Produ
t:

The 
onjun
tion of two boolean expressions f q is


alled a boolean produ
t. In the spe
ial 
ase where

f and q have no 
ommon variables, f q is 
alled an

algebrai
 produ
t.

Boolean Produ
t: (a + b) · (c + b̄)
Algebrai
 Produ
t: (a + b) · (c + d)

Boolean Division:

(q, r) = DIV (y, f) with: y = f · q + r

If f · q is an algebrai
 produ
t the division is 
alled

algebrai
 division.

Algebrai
 division is unique, boolean division is not.

f is 
alled a algebrai
 divisor if q 6= 0 and f · q is a

algebrai
 produ
t.

Approa
h in Boolean Division:

• Extend the dividend y by a variable x whi
h represents the divisor f in the expression to be built

• Constru
t the don't-
are set, DC = x ⊕ f = x̄f + f̄x
• Minimize y using this don't-
are set

In Pra
ti
e: a heuristi
 suggests a divisor, the boolean network is 
ollapsed into two-level form, this form will

be optimized with the don't-
are set (ESPRESSO) the optimized fun
tion is fa
torized again.

Example Algebrai
 Division:

(ac + bc + ab̄) : (a + b)

Examine 
ube a: c, b̄
Examine 
ube b: c

y = (c) · (a + b) + ab̄
︸︷︷︸

remainder

Example Boolean Division:

Introdu
e a new variable x for the divisor, x is not a independent varia-

ble, it has the same values as a + b
→ don't 
are 
onditions for y: DC = x ⊕ (a + b)

1 1

11a

b

c

1 1

11

(a    b).(a + b)

c

b

a

c

b

a

x x
1 1

11

1 1

11

introduction of divisor xdivident y don’t care for x      (a + b)

y = xc + b̄x = x(c + b̄) = (a + b)(c + b̄)



Cube-Free:

A SOP expression y is 
alled 
ube-free, if no

SOP expression q and no 
ube c with c 6= 1 exists, so

that y = cq (algebrai
 individable)

Kernels:

Whi
h expressions are good divisors? The set

K(y) = {y/c|c is a cube and y/c is cube − free}

is 
alled kernel set of y. A 
ube c belonging to a

kernel k ∈ K(y) is 
alled 
o-kernel of k.
Determination of all kernels is often too 
omplex,

thus limitation to subsets of kernels. There are

approa
hes, that 
al
ulate 0-order kernels �rst and

then stepwise pro
eed with kernels of higher order.

Example for Determination of Kernels:

cd + bc + bd cd + ad ad + ab ac + bc

y =

b

c.f.

a c

d + b

c
a

acd + abc + bcd + abd

K = {

SecondOrderKernels
︷ ︸︸ ︷

acd + ab̄c + bc̄d + abd̄, cd + b̄c + bd̄, c̄d + ad̄, ac + bc̄, d + b̄
︸ ︷︷ ︸

Zero Order Kernels
︸ ︷︷ ︸

First Oder Kernels

}

5 Optimization Strategies

Extra
tion:

Generates a new node in the boolean network, whi
h


orresponds to a 
ommon divisor for the fun
tions

of the su

essor nodes. The fun
tion of the su

essor

nodes is determined using division.

1. Cal
ulate all kernels

2. Determine the interse
tion of the kernels and

determine a 
ommon divisor

3. Introdu
e a new network node k

4. Divide and 
onne
t with the new node

Theorem:

Two SOP expressions f and g have a 
ommon

multiple-
ube divisor d if and only if two kernels

kf ∈ K(f) and kg ∈ K(g) exist, so that the 
u-

be representations of kf and kg 
ontain 
ommon 
u-

bes p1, p2, ..., pm with m ≥ 2. Then, the 
ube set

d = p1 + p2 + ... + pm is the 
ommon divisor.

Fa
torization and De
omposition:

Fa
torization simpli�es the representation of a node

in the boolean network but does not 
hange its topo-

logy. If a new node in the boolean network is intro-

du
ed for every fa
tor (thus 
hanging the topology of

the network), this is 
alled de
omposition.

y = ace + bce + de + f ⇒ ((a + b)c + d)e + f

Substitution:

Generates a new bran
h in the boolean network. The

representation of a node y is simpli�ed by using ano-

ther network node w as divisor for y, so that y 
an be

simpli�ed by 
omputing y/w (whi
h may also result

in other bran
hes being removed).

Simpli�
ation

Does not 
hange the topology of the network (unless

a variable is 
ompletely removed). The representation

of (a part of) the Boolean network is simpli�ed, e. g.

by the following approa
h:

1. Generate a single node representation of the


onsidered network fun
tion in two level repre-

sentations (Collapsing)

2. Optimization e.g. with ESPRESSO

3. Fa
torization / de
omposition



6 Internal Don't Cares

Controllability Don't Cares: (CDC)

Not all 
ombinations of values are possible for the

signals of a boolean network Let S be a variable as-

so
iated with a node fun
tion f(x) of the boolean

network: every 
ombination of 
alue assignments that

ful�lls s⊕ f(x) = 1 
an not o

ur and belongs to the

set of CDC.

CDC =
∑

i

(Si ⊕ fi(x))

In Pra
ti
e the Cal
ulation is too 
omplex in most


ases!

Observability Don't Cares:

For some value assignments, the fun
tion value of an

internal network node 
an not be observed at any

primary output of the network. Then, it does not need

to be spe
i�ed.
∂f
∂x

= f |x=1 ⊕ f |X=0 is 
alled boolean di�eren
e.

For the set of observability don't 
ares at a node vx in

a boolean network G holds: ODCx = f |x=1 ⊕ f |X=0

where f is the fun
tion implemented by G

ODCglobal(x) =
∏

i

f |x=1 ⊕ f |X=0

Example Controllability Don't Care:

S1

2S

a

b
c

d

y

d 
 b S2 S1

0 0 0 1 1

0 0 1 1 1

0 1 0 0 1

0 1 1 0 0

1 0 0 0 1

1 0 1 0 1

1 1 0 0 1

1 1 1 0 0

S1 S2 y
0 0 0

0 1 0

1 0 0

1 1 1

S1

2S

a

b
c

d

y

we observe: S1 = 0 ⇒
S2 = 0

→ y = S2

Example Observability don't Care:

When line d is assigned a logi
 0, the value on the output y remains the same

regardless of the logi
 value on lines a, b, c. As su
h, variables a, b, c are de
lared
ODCs and marked lazy.

7 Timing Analysis

Linear Delay Model:

... for a node vj in a boolean network:

d(vij) = αi + βi ·

m∑

k=1

γk

d: Total delay of the gate from input pin i to the

gate output

αi: Load independent delay from input pin i to the

gate output

βi: Load dependent delay from input pin i to the

gate output

γk: Capa
itive load of the su

eeding gate

m: number of su

eeding gates

Clo
k Speed:

Most digital systems 
onsist of one or more syn
hro-

nous sequential 
ir
uits. The maximum swit
hing de-

lay between inputs and outputs of a 
ombinatorial


ir
uit determines the maximum 
lo
k speed.

Example for Delay Model:



Topologi
al Analysis:

For ea
h node vi of the 
ir
uit, we are interested in

the time ti, when the signal has stabilized. The time

ti is 
alled data ready time or data arrival time.

Data Ready Time:

ti = di + max
j:(vj ,vi)∈E

(tj)

Required Data Ready Time:

t′i = min
i:(vi,vj)∈E

(t′j − dj)

Sla
k:

si = t′i − ti ∀vi ∈ V

If si = 0, the node vi is 
alled topologi
ally 
riti
al.

All paths that 
ontain only nodes whi
h are topologi-


ally 
riti
al are 
alled topologi
ally 
riti
al paths.

Criti
al Path:

A 
riti
al path in a 
ombinational 
ir
uit is a path,

where a signal 
hange 
an be propagated from the

start node to the end node and whose end node shows

a maximum data arrival time.

Example: (Bellman Ford...)

t’

t

d1=4

d2=
1.5

d3=5

d4=3

t3=11 / t3’=11 / s3=0

t2=6 / t2’=6 / s2=0

t4=7.5 / t4’ = 11

t1=4.5 / 
t2’=4.5 / s1=0

A

B
C

tb=0.5 / tb’=0.5 / sb=0

ta=0.5 / ta’ = 6 / sa=5.5

tc=0 / tc’=0.5 / sb=0.5

td=0 / td’=8 / sd=8

calculation direction

D

False Path Problem:

If we 
al
ulate a 
riti
al path on whi
h the signal


an not propagate.

Example: We 
al
ulate the Criti
al Path acdyz
but the signal 
an only propagate if e = 1 and e = 0
at the same time.

Example for a False Path:

Boolean Di�eren
e:

∂f

∂x
= f |x=1 ⊕ f |x=0

Dynami
 Sensitizability:

Let p = (vq, v2, ..., vm) be a path in a 
ombinational


ir
uit. The path p is 
alled dynami
ally sensitizable,

if:
∂fvi

∂vi−1
= 1 ∀i = 1, 2, ...,m (∗)

hold for every time ti−1 when the signal arrives at

the gate vi. A signal 
hange 
an propagate along a

path p if and only if p is dynami
ally sensitizable.

7.1 Timing Models

Examine the delays of a 
ir
uit when applying two sequential input stimuli s1 and s2

Model of the Cir
uit:

Transition Mode:

The signals of the 
ir
uit keep the values generated

by s1 until the signals of s2 arrive. Hen
e, the delays

of the gates and the 
ir
uit depend on s1 and s2

Floating Mode:

The signals of the 
ir
uit do not keep the values

generated by s1. Hen
e, the delays of the gates and

the 
ir
uit depend only on s2. For the pre
eding

value, the worst-
ase is assumed.

Model of the Components (Gates):

Fixed Delay Model:

A �xed delay is assigned to every gate.

Bounded Delay Model:

An interval of delays [0, d] is assigned to every gate.



Monotonous Speed-Up:

A delay model ful�lls the property of monotonous speed-up, if the delay redu
tion of a 
ir
uit 
ompo-

nent (gate) either redu
es the total delay of the 
ir
uit or keeps it un
hanged. A delay model with the property

of monotonous speed-up is also 
alled robust.

For the transition mode model, the property

of monotonous speed-up is not ful�lled,

therefore it is not robust.

7.2 Consideration of all Possibilities for Combining the Models for Cir
uits and Gates:

a) Transistion Mode - Fixed Delays:

Determine �xed values for the gate delays by

worst-
ase assumptions, i.e. 
hoose for ea
h gate the

maximum of the delay interval as the �xed delay

This Combination is not robust, so this approa
h

leads to an optimisti
 (!) approximation of the 
ir
uit

delay, if a gate delay is overestimated (pessimisti
).

→ This is not useful for the timing analysis of

a 
ir
uit in pra
ti
e.

b) Transition Mode - Bounded Delays:

→ Fairly pre
ise modeling of the timing but deter-

mination is too 
omplex


) Floating Mode - Bounded Delays:

In �oating model, the most pessimisti
 assumption is

made for the pre
eding gate, i.e. the possibility that

a pre
eding value speeds up the signal transition at

a gate is negle
ted.

The monotonous speed-up property holds, and

the bounded delay model yields the same results as

a model that assumes �xed worst-
ase values for the

gate delays. (d)

→ The �oating mode model needs to be 
onsi-

dered only in 
ombination with �xed gate delays.

d) Floating Mode - Fixed Delays:


ontrolling value of a gate input:

logi
 value that 
ontrols the value at the gate output,

the negation of this value is 
alled non-
ontrolling

value.


ontrolled value of a gate output:

logi
 value that the gate output assumes, if the 
on-

trolling value is assigned to one of the gate inputs,

the negation of this value is 
alled non-
ontrolled

value respe
tively.

7.3 Dynami
 Analysis

Dynami
 Analysis takes into a

ount the data arrival times for the sensitization at ea
h gate a

ording to the de�nition

of dynami
 sensitizability.

Delay Simulate: (nodes are in topologi
al order)

for ea
h ( V as vi )

{

if( vi is set to 
ontrolled value)
{

t(vi)=min( t(prede
essors(vi) + d);
}
else // vi is set to non-
ontrolled

value
{

t(vi)=max( t(prede
essors(vi) + d);
}

}

Determination of the 
riti
al path for dynami


analysis in the �oating mode model: (Chen-Du)

Perform delay_simulate() and analyze as follows:

1. If the gate output is set to 
ontrolled then all

input nodes are 
riti
al whi
h are set to 
ontrol-

ling and whose data arrival times are minimal.

2. If the gate output is set to non-
ontrolled then

all the input nodes are 
riti
al, whose data ar-

rival times are maximal.

3. The 
riti
al paths of the 
ir
uit 
onsist of the

nodes that are 
riti
al for those input stimuli

that 
ause the maximum data arrival time for

the 
ir
uit output.



Examples Floating Model and Chen-Du-Criterion:

1
Controling Values
0 10

0 1 1 0
Controlled Values (1)

(2) (3)

7.4 Stati
 Analysis

Stati
 Analysis:

Examination of the 
ir
uit in the steady state (merely

logi
 analysis, the data arrival times of the indi-

vidual signals are not of interest) stati
 sensitizability

Let p = (v1, v2, ..., vm) be a path in a 
om-

binational 
ir
uit. The path is 
alled stati
ally

sensitizable, if a signal assignment exists for the

inputs of the 
ir
uit, su
h that Eq. (*) holds.

Co-Sensitizeable:

Given a path p = (x0, x1, ..., xm), an input assignment

is said to stati
ally 
o-sensitize p to 1(0) if and on-

ly if xm = 1 (xm = 0) holds and xi−1 is set to

the 
ontrolling value, if xi is set to the 
ontrolled

value,∀xi, i = 1, 2, ...m.

Example for Cir
uit (2) with Stati
 Analysis:

o :
∂(e · g)

∂y

!
= 1 = 0 ⊕ e = e → e = 1

g :
∂(d + c)

∂d

!
= 1 = c ⊕ 1 = c̄ → c = 0

d :
∂(a · b)

∂a

!
= 1 = 0 ⊕ b = b → b = 1

But b is 0 in the dynami
 
al
ulation!

Stati
 sensitizability: su�
ient for signal propagati-

on, but not ne
essary

→ A delay model based on stati
 sensitizabili-

ty 
an underestimate 
ir
uit delays and is therefore

in
orre
t

Stato
 Co-Sensitizable:

Stati
 
o-sensitizability is a ne
essary 
ondition for a 
riti
al path, therefore it yields a 
orre
t (non-optimisti
)

delay model.

Possible Approa
h:

1. Determination of the data arrival times: as in topologi
al analysis.

2. Determination if the 
riti
al path: path with maximum data arrival time at the end node whi
h is stati
ally


o-sensitizable.

Stati
 
o-sensitizability 
an be formulated as a boolean 
ondition and 
an be evaluated e.g. using OBDDs, SAT.

Example of Cir
uit (3) with Stati
 Co-Sensitisable Approa
h:

a 0
1

2

3

4
0 g

t=0
t=1

t=2

t=3+2=5

t=2+4=6

t=6
Co-sensitizability of P yields a maximum 
ir
uit delay of 6.

However, simulation of both possible signal 
hanges at a (
f.

dynami
al analysis) yields a maximum 
ir
uit delay of 5.

→ Stati
 
o-sensitizability is pessimisti




Con
lusion:

• Floating mode model with �xed values for the gate delas is less 
omplex than the transistion mode model

but more pessimisti
 than the transition mode model.

• Stati
 Analysis is less 
omplex than dynami
 analysis but more pessimisit
 than dynami
 analysis.

• Best is the bounded transistion model, but this is to 
omplex to handle.

• For 
omplexity reasons, usually only the topologi
ally 
riti
al paths are 
onsidered in pra
ti
e!

8 Te
hnology Mapping

8.1 Standard Cells

Problem:

Given: te
hnology-independent optimized des
ripti-

on of the 
ir
uit (boolean network) and a 
ell library

Find: a network of elements from the library

su
h that the network implements the same boolean

fun
tion and the 
osts are minimized

Mat
h:

A mat
h between a 
ell and a sub-network of

the given boolean network o

urs, if the sub-network


an be repla
ed by the 
ell library element without


hanging the fun
tion of the 
ir
uit.

Basi
 Approa
h:

1. Mat
hing : determine all mat
hes, whi
h are

possible for the elements of the given 
ell

library in the given boolean network

2. Covering : determine a subset of mat
hes, so

that the 
omplete boolean network is 
overed

with minimum 
osts and the network of library

elements implements the same fun
tion as the

te
hnology-independent boolean network.

Formulation as Covering Problem:

Every mat
h mi 
auses 
osts ki:

min
∑

i

mi · ki

For ea
h gate gj exists a mat
h (
ondition ci):

∏

j

cj(mi) = 1

The intermediate variables required for the 
overs ha-

ve to be available

mi ⇒ vi(mk)
∧
= m̄i + vi(mk) = 1

=⇒
∏

j

cj(mi) ·
∏

(m̄i + vi(mk)) = 1)

Leaf DAG:

A leaf dag is a dire
ted a
y
li
 graph

whi
h has exa
tly one root node and

all nodes ex
ept the stat node and

the end node have exa
tly one im-

mediate prede
essor

Heuristi
s Approa
hes: Stru
tural Compari-

son:

• Pre-pro
essing of the boolean network:

de
omposition: (e.g. NAND)

partitioning: The 
ir
uit is partitioned into

sub-
ir
uit with leaf-dag stru
ture.

• After Prepro
essing:

mat
hing


overing (dynami
 programming)



Example: Dynami
 Programming: Traverse the subje
t

graph starting at the leaves (bottom-up):

• For ea
h node of the subje
t graph, determine

all mat
hes with the pattern graphs of the 
ell

library.

• Determine the 
osts for ea
h mat
h. The 
osts

of a mat
h are the 
osts of the 
ells 
orrespon-

ding to the mat
h plus the 
osts for the 
over

of the input node of the 
ell. The 
osts for the


over of a node in the subje
t graph is the mi-

nimum of the 
osts of all mat
hes for this node.

• Save the 
osts for the 
over of a node and the


orresponding 
ell.

The total 
osts for the 
heapest 
over of the subje
t

graph are the 
osts of the 
over of its root node. The


heapest 
over 
an be assembled from the saved 
ells.

Te
hnology mapping taking timing into a

ount:

Problem: in dynami
 programming: the values for γ are not known, until the su

eeding gate is known!

Solution:

• for every value of γ 
ontained in the library 
al
ulate the optimal solution for the given subje
t graph.

• traverse the 
ir
uit ba
kwards starting at the outputs and 
hoose for ea
h node the optimal 
over depending

on the load values of the topologi
ally su

eeding (already determined) gates.

Separation of logi
 synthesis and layout design leads

to more and more (expensive!) iterations in the


lassi
 �ow.

⇒ layout-driven synthesis

Layout Driven Synthesis:

Combination of algorithms for logi
 and layout syn-

thesis:

Logi
 optimization before pla
ement, but estimation

of timing data and routability by pre-pla
ement using

"pseudo 
ells"

+ relatively small interventions in the standard

�ow

+ relatively exa
t layout information

- timing data estimated from pre-pla
ement 
an

be ina

urate

- 
lose 
oupling 
auses 
onstraints 
on
erning

logi
 transformations

8.2 FPGAs

LUT:

Appli
ation to library-based approa
hes?

Generate a library 
ell for ea
h fun
tion that 
an

be implemented in the LUT. Apply the approa
hes

developed for standard 
ells

Problem: the number of fun
tions that 
an be im-

plemented in the LUT is too big, even if symmetries

between variables are taken into a

ount

⇒ no library

Adaption (Dynami
 Programming):

given: LUT with k inputs and 1 output...

• mat
h : exists for every sub-tree of the subje
t

graph with at most k leaves

• The 
osts of ea
h mat
h are 1

• subje
t graph has tree stru
ture or leaf-dag

stru
ture and may 
onsist of arbitrary gates

(nodes) with no more than k inputs

MUX: Library-based approa
hes for MUX-based ar
hite
tures are feasible!


